START A NEW BOOKLET FOR QUESTIONS 1 -4

Question 1 (15 marks) Start a NEW page. Marks
(@) Letz=1+2{ and w=3 +1i. Find—l—intheformx+iy. 2
zZw
(b) (1) Express é—(—l+i\/§ ) in modulus-argument form. 2

4

(ii) Hence express %(—1 +i3 ) in the form x + iy. 2
(c) Sketch the region in the Argand plane where the inequalities

T 3z

—<arg(z-i)<— and z—i|<£2

both hold simultaneously.
(d) The origin 0 and the points 4, B and C representing the complex

numbers z, 1 and z +l respectively are joined to form a

z z

quadrilateral. Write down the condition or conditions for z so that the

quadrilateral O4BC will be

(i) a rhombus, 1

(ii) a square. 1

(e) (i) Write down the six complex sixth roots of unity in
modulus-argument form. Sketch the roots on an Argand diagram 2
and explain why they form a regular hexagon.

(ii) Factorise z° —1 completely into real factors. 2

Question 2 (15 marks) Start a NEW page. Marks
(a) Evaluate:

@) [¢cosOsin’ 046, 2
. 3 \/J_C 2
ii —dx. Letu” =x). 3
(@) j° 1+x ( )
(iii) Use the substitution ¢ = tanZ to evaluate |2 ! —dlx. 4
2 0 2—cosx+2sinx



(b) Giventhat I = “'07 x" sin x dx.

n—1
(i) Provethat I, +n(n-1)I,_, = n(%) .

(i) Evaluate .“03 x* sin x dx.

Question 3 (15 marks) Start a NEW page.
(a) Given the equation x* +xy+ y*> =12

dy _ —(y+2x)

(i) Show that
x+2y

(ii)) Deduce that vertical tangents exist at (4, ——2) and (-—4,2) and
horizontal tangents exist at (2, —4) and (—2, 4).

(iii) Show that the curve is symmetrical about y = x

(iv) Sketch the curve showing these tangents and the intercepts on the
coordinate axes.

(b) Give a sketch of the curve y = 1—1-—t, fort > —1. Indicate on your
+

diagram areas which represent log(1+ x)
(1) for x20
(i) for ~1<x<0

and hence show that if x> -1,

-l—f—)-c-<log(l+x)<x.

Deduce that in # is a positive integer,

1 1
——<log(n+1)-logn<—
n+l1 g( ) 8 n

(¢) Find J‘xe"2 dx

Marks



Question 4 (15 marks) Start a NEW page. Marks

3
(2) Find [==>dx.

sin? x 3

(b) On a certain day high water for a harbour occurs at Sa.m. and low
water at 11.20a.m., the corresponding depths being 30 metres and 10
metres. If the tidal motion is assumed to be simple harmonic prove

that, to the nearest minute, the latest time before noon that a ship, 7
drawing 25 metres, can enter the harbour is 7.06a.m.
(c) A sequence of numbers T, n=1,2,3,... is defined by
,=2,T,=0and 7, =2T,_, - 2T, , forn=3,4,5,.... Use Mathematical
5

n+2
Induction to show that 7 = (\/5) cos%, n=1273,...

START A NEW BOOKLET FOR QUESTIONS 5-8
Question 5 (15 marks) Start a NEW page. Marks
(a) A solid S is formed by rotating the region bounded by the parabola '

y* =16(1-x) and the y axis through 360° about the line x = 2.

(i) By slicing perpendicular to the axis of rotation, find the exact

volume of S. 4
(i1) (o) Use the method of cylindrical shells to show that the volume )
of S is also given by JZ 167 (2—x)V1-x dx.
(B) Confirm your answer to part (i) by calculating this definite 3
integral using the substitution u =1-2x.
(b) The region (x— 2R)2 +y* < R? is rotated about the y-axis forming a 6

solid of revolution called a torus.
By summing volumes of cylindrical shells, show that the volume of the
torus is 47°R> units’.



Question 6 (15 marks) Start a NEW page.
(a) If a, B, ¥ are the roots of the cubic equation x* -~ px+g =0
find in terms of p and q the value of:

(i) &+ B +y°

(b) If a is a non-real double root of P(x)=x*—4x* +14x* —20x+25
factorise P(x) completely into linear factors.

(c) A polynomial P(x) is divided by x* —a’ where a # 0 and the
remainder is px + q. Show that:

p=oc{P@)-P(-a)}  ad = {P(a)+P(-a))

Find the remainder when the polynomial P(x) =x"—a" is divided by

x? —a* for the cases:
(i) neven
(i) nodd

Question 7 (15 marks) Start a NEW page.

AN

2 2
Let P be a point on the hyperbola x_z —;—2 =1. Let Q be the point of
a

intersection of the tangent at P with an asymptote of the hyperbola.

From Q perpendiculars QM and QN are drawn to the co-ordinate axes.

Prove that MN passes through P.

Marks

Marks



(a) If Z represents the complex number x + iy, sketch on the complex
plane Re(ZZ)>O. 4

(b) If0<x<y<—§-provethat:\/—)5;<x+y<«/x+y 4

(c) Prove that if o, 3 are the roots of the equation > —2¢+2 =0 then:
(x+a) -(x+p) _sinnf

- where cotd = x+1 4
a-pf sin" @
Question 8 (15 marks) Start a NEW page. Marks
(a) The graphsof y= f (x) and y =%1 are shown.
y

T4

{; . l'<'<l S | jl
6 : i

/ :
\:

- .4
Draw a neat sketch of 1
@ ¥y =1(x)
) 1
@ =75



(b)

30 cm

v

Calculate the volume in terms of & of the frustum of a cone, with radii
of the top and bottom circles being 8 cm and 20 cm respectively.
The height of the frustum is 30 cm.

©

In the diagram, the two circles intersect at 4 and B. P is a point on one
circle. PA and PB produced meet the other circle at M and N
respectively. NA produced meets the first circle at Q. PQ and NM
produced meet at R. The tangent at M to the second circle meets PR at
T.

(i) Copy the diagram. Show that Q4AMR is a cyclic quadrilateral.

(i) Show that TM = TR.
(d) AA4BC has sides of length a, b, c. If a® +b* +¢* = ab+bc +ca, show
that A4BC is equilateral.

END OF PAPER
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Question 5

@
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Question S continued
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Question 5 continued
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Queshon B onhinued

& > i Z£RMA = ZLABN (exterior angle of cyclic quad.
L B ABNM is equal to interior
e opposite angle)
Similatly |
ZABN = ZLAQP in cyclic quadrilateral ABPQ.

Hence quadrilateral Q4MR is cyclic.
(exterior angle AQP is equal to interior opposite

angle RMA) |
(7]

ii. Produce TMto S. Then
£LTMR = ZSMN (vertically opposite angles are equal)
£SMN = ZMAN (angle between tangent and chord drawn to point of contact is equal to angle
subtended by that chord in the alternate segment)
£LMAN = ZPAQ (vertically opposite angles are equal)

£PAQ = LTRM (exterior angle of cyclic quad QAMR is equal to interior opposite angle)
Hence in ATMR, ZTMR= £TRM and hence TM = TR (sides opposite equal angles are equal) E+]

dB a2+b2—2ab=(a b)2

2
aj).

2{a2 +b*+c*—(ab+bc+ ca)} = (a— b)z‘ +(b-— c)2 + (c— a)2
But a, b, ¢ are posi-tive‘ real numbers, as they are the lengths of triangle sides.
Hence (a—b), (b—c) and (c- a) are also real numbers.
~.(a—b)* 20 with equality if and only if a=b5 , and similarly for (5-c)’, (c-a)’.
Hence if a*+b’+c*=ab+bc+ca, then (a—b)* +(b—c)*+(c—a)’ =0
' ~(@=-bY=(b-c)=(c-a)=0

b? +c*~2bc=(b

(
c+at—2ca= (c

. ~a=b, b=c and c=a
Hence a=b=c and AABC is equilateral.

(3]



